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A comparative study of Sudarshan-Glauber P, Q and Wigner ^distributions in correlated-spon-
taneous-emission lasers has been made. Immediately giving the information of squeezing by exam-
ining the diffusion coefficients is the advantage of the Sudarshan-Glauber P representation. 

Summary 

Recently, several mechanisms for the correlated-
emission laser (CEL) have been considered [1 -4 ] , The 
correlated emission is based on using a toms prepared 
in a coherent superposi t ion of the states between 
which the laser emission takes place. The initial 
a tomic coherence can lead to the reduct ion in either 
place or ampl i tude noise. It can even lead to the 
squeezing in one of the quadra tu res of the field. The 
microscopic theories of the (single-mode) C E L show 
that the master equat ion for the field m o d e a can be 
written in the form [1] 

g = A x (<xf g a — g a af) + A 2(a p a+ — a g) 

+ A3(gai2 - af gaf) + A4(af2g - afgaf) 

+ f[a\g] + H.c., (1) 

where / = - is(gab + gbc) and 

= \ *o(Qbb + Qcc - \ \Qab + Qbc\2) + , 
A3 = A4 = - \ a0 [eac - \ (eafc + gbc)

2]. (2) 

Here a 0 = 2 ra g2/T 2 is the linear gain coefficient, y the 
cavity loss rate, 5 = rag/T, ra the a tomic injection rate, 
g the atom-field coupling cons tant (for simplicity 
taken to be the same for the a-b and b-c transitions), 
r the a tomic decay rate (same for all levels). 
g3ß((xß = a, b, c) are the initial a tomic popula t ions 
and coherence. Notice that / , A 3 and A a depend on 
the input coherences of the active a toms and the cor-
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responding terms are phase sensitive, and lead to cor-
related emission and phase locking and thus give rise 
to q u an tu m noise quenching and even squeezing. 
Here we consider the one p h o t o n resonance case 
(coab = ojbc = v). 

A very useful way to study the properties of the field 
is to t ransform the master into a Fokker -Planck equa-
tion in some representation. Mos t widely used repre-
sentat ions are Sudarshan-Glauber P, Q and Wigner 
representations. The Fokker -Planck equation in the 
three representat ions is the same: 

0<*>(oc,a*) _ ( d d d _ _ d2 

Sa a 0a" 

S 2 
— !>**+ <*>(a, a * ) , (3) 

dt 
d* + 2 

dot dot* Da*a 

+ 
da' 

d2 

doc*2 Daa 

where <P s tands for P, Q, or W. 
F r o m the relation between g and P, Q, or W, we can 

find the roles of t ransformat ion f rom master equa t ion 
to F - P equations, and consequently obtain the drift 
and diffusion coefficients. Two alternative forms of 
F - P equat ions are commonly used: 

A) Polar Coord ina tes (a = re '^) , 

d<P(r, (p) 

~dt 
1 8 w ö w 
r dr dq> 

1 e 2 

T T rD„ (4) 

Ö2 

+ w D < 
+ 

2 d2 

r D r 0 U>(r, <t>) 
r drd(p 

with the drift coefficients (the same for P, Q and W ) 

dr =R e(dae-'*) + rD^f 

d4> = -lm(d,e-i't>)-2Dr(t>/r 

and diffusion coefficients listed in Table 1. 

(5) 
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Table 1. The diffusion coefficients in terms of amplitude and phase variables, r and (j), in the P, Q, and W representations. 

<P P Q W 

Drr I [Re At + \A4\ COS(04 — 2(p)] ± [Re^ 2 + | A3 | cos(03 - 2<£)] ± (Dfr + Dr°r) 
D^ [Re A1 — \A4\ COS(04 — 2(p)]/2r2 [Re/12 - \A3\cos(03 - 20)]/2r2 + Dfo) 
Dr<p {2r)~1 \ A4\ sin(04 — 2 0) (2r)~1 |/13 | sin(03 - 2 0) ±(Z>^ + D ^ ) 

Table 2. The drift and diffusion coefficients in terms of the 
quadrature variables x and y (see (2.7)) in the P, Q, and W 
representations. 

<P W 

dx x Re(A1 — A2 — A3 + A4) — ylm (At — A2 + A3 — A4) + Re f 
dy xlm(A1-A2-A3 + A4) + yRe(Al-A2 + A3-A4) + lm f 
Dxx ± Re (yl, + AJ jRe(A2 + A3) iRe(A,+A2 + A3 + A4) 
Dyy j Re(A, —AJ jRe(A2 — A3) lRe(A1+A2-A3-A4) 
Dxy j Im A4 $ImA3 ± Im(A3 + AJ 

Table 3. The relations among the variances and covariance 
of the field quadratures with those of the Sudarshan-Glauber 
P, the Q, and the Wigner W distributions. 

<p P Q w 
<(A a,)2} <(Sx)2y + i <(Sx)2y - i <(«5x)2> 
<(A a2)2} <(^)2> + i <(^)2> - i <(^)2> 

B) Quad ra tu r e Coord ina tes 
(a = x + y and a = ax + ia2), 

8 <P(x,y) j 3 8 a1 

+ ( 6 ) 

with the drift and diffusion coefficient listed in Table 2. 
Using the Fokker -P lanck equat ion (6), the vari-

ances in the two quadra tu res x and y obey the follow-
ing equat ions of mot ion: 

— <(<5x)2> = 2AXX <(<5x)2> + 2 Axy<öxöy> + 2 D x x , 

— <(öy)2) = 2Ayx<öxöy> + 2Ayy((öy)2} + 2Dyy , 

dt 
<<5x öy> = (Axx + Ayy) <<5x Sy> + Ay x <(<5x)2> 

+ Axy<(öy)2> + 2Dxy, 

whereA. j = = x, y). The relation between 
<(<5x)2> and <(Aax)2) , and <(<5y)2> and <(Aa2)2> are 
listed in Table 3. 

Choos ing 0 a b = 8 b c = rc/2 (6ac = n), we can find that 
all A's are real and Axy = Ayx = Dxy — 0, which 
means tha t ax and a2 (a = at + ia2) are the ampli tude 
and phase q u a d r a t u r e operators , respectively. Solving 
(6) at steady state, we obta in 

(p = 
1 

27Tv/<71<7: 

exp 
(* - x 0 ) 

2a1 2a-, 
(8) 

with x 0 = f / A 2 — A 1 + A3 — A4, <Tx=Dxx/(A2-A1), 

and ay = Dyy/(A2 — Ax). This is a Gauss ian distribu-
t ion with widths o x and o y . It has been proven [1, 4] 
tha t the stable steady state condit ion is A2 — Ax > 0. 
Therefore, the sign of o x (or ay) is determined by Dxx 

(or Dyy). Using (2), we find the diffusion coefficients: 

A) In Suda r shan-Glaube r P 

1 
Dp

xx = - [Qua + Qbb + I Qac I - (I Qaft I + I Qbc I)2]. (9 a) 
p 1 

Dyy= -jteaa + ebb-leacl)-

B) In Q 

XX ^ Qaa + 0cc + Ig.cl + (Ißaftl + \Qb 

(9 b) 

(10a) 

c l ) 2 ] , 

l^aftl (10b) 

(7) 

1 ( y 
D?y= 4 Ucc + Cftft+ — 

C) In Wigner 

Ky = Kx + D*x , D» = i ^0.5 +^Qbb-\Qac\). 

(11) 

It is clear that under the stable steady state condi-
t ion all D's are positive, except Dyy. It is known that 
negative width means squeezing. Therefore, in Sudar-
shan-Glauber P representat ion we can know whether 
squeezing is possible or not by examining the signs of 
the diffusion coefficients, in the present case (A's real) 
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by the signs of Dxx and Dyy. In the general case (/l 's 
complex) it is determined by the sign of D^ (or Drr). 
This is a big advantage of the Sudarshan-Glauber P 
representation. 
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