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A comparative study of Sudarshan-Glauber P, Q and Wigner W distributions in correlated-spon-
taneous-emission lasers has been made. Immediately giving the information of squeezing by exam-
ining the diffusion coefficients is the advantage of the Sudarshan-Glauber P representation.

Summary

Recently, several mechanisms for the correlated-
emission laser (CEL) have been considered [1—4]. The
correlated emission is based on using atoms prepared
in a coherent superposition of the states between
which the laser emission takes place. The initial
atomic coherence can lead to the reduction in either
place or amplitude noise. It can even lead to the
squeezing in one of the quadratures of the field. The
microscopic theories of the (single-mode) CEL show
that the master equation for the field mode a can be
written in the form [1]

0=A4,("0a— oaa’) + A,(apa’ — atap)
+ Ay(0at?—atoa’) + A4(a+zg —a'ga"
+ fla', 0]+ H.c., (1)

where [ = —is(g, + 0y) and

Al = %aO(Qaa+be_%lgab+gbc|2)a
A2 =%“O(be+Qcc_%lgab+gbc|2)+%‘V7
Ay=Ag=—3%[00 —3a+ ). (2

Here o, = 2r,g%/I" ? is the linear gain coefficient, y the
cavity loss rate, s = r,g/I’, r, the atomic injection rate,
g the atom-field coupling constant (for simplicity
taken to be the same for the a—b and b—c transitions),
I' the atomic decay rate (same for all levels).
0.p(@B =a,b,c) are the initial atomic populations
and coherence. Notice that f, 4; and 4, depend on
the input coherences of the active atoms and the cor-
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responding terms are phase sensitive, and lead to cor-
related emission and phase locking and thus give rise
to quantum noise quenching and even squeezing.
Here we consider the one photon resonance case
(wab = Wy = V).

A very useful way to study the properties of the field
is to transform the master into a Fokker-Planck equa-
tion in some representation. Most widely used repre-
sentations are Sudarshan-Glauber P, Q and Wigner
representations. The Fokker-Planck equation in the
three representations is the same:

b (o, a*) 0 G 02
SOV ol — g — 13D,
o ( o T o T gpa
02 0?
+ EOTZDM + WDL) D (o, a*), (3)

where @ stands for P, Q, or W.

From the relation between ¢ and P, Q, or W, we can
find the roles of transformation from master equation
to F-P equations, and consequently obtain the drift
and diffusion coefficients. Two alternative forms of
F-P equations are commonly used:

A) Polar Coordinates (a = re'?),

0@ ¢) [ 10 ¢ 1 o2
o (_ rar gt i
o? 2 0
+ —&?D¢¢+ ;W rD,¢> D(r, d)

with the drift coefficients (the same for P, Q and W)
d, = Re(dze_id’) + rD¢¢ 3
1 .
d¢=7lm(d1e"¢)—2D,¢/r (5)

and diffusion coefficients listed in Table 1.
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Table 1. The diffusion coefficients in terms of amplitude and phase variables, r and ¢, in the P, Q, and W representations.

@ P 0 w
D,, 1[Red, +|A,|cos(0, —2¢)] 1[Red, +|A;|cos(0, —2¢) 1(Df, +D?)

Dy [Re A, — | A, | cos (6, — 2 $)]/2 1 [Re A, — | A4| cos (65 — 2 ))/272 1D 4+ D% )
D,y @2r) 7~ A,]sin(0, —2 ) (2n7~ 1 4;]sin(0; — 2 ) 3 (D74 + DZy)

Table 2. The drift and diffusion coefficients in terms of the
quadrature variables x and y (see (2.7)) in the P, Q, and W
representations.

o P 0 W

[

. xRe(d,—A,—A;+A4,)—ylm(4, —A,+A,—A,)+Re f

d, xIm(4,—A,—A,+A4)+yRe(d,—A,+A,—A,)+Im f
D,, 1Re(4,+A4,) 1Re(4,+4;,) LRe(d,+4,+4,+4,)
D,, 1Re(d4,—4,) 1Re(d,—4,) 1iRe(d,+4,—A4,—4,)
D,, lim4, 1m4, 1Im (A, +4,)

Table 3. The relations among the variances and covariance
of the field quadratures with those of the Sudarshan-Glauber
P, the Q, and the Wigner W distributions.

@ P 0 W
{(Aa,)*) x> + 5 (6x)*> — % (6%)*>
{(Aay)*) Gy + % ey — 3 {(y)*>

B) Quadrature Coordinates
(x=x+yand a=a, +ia,),

0 (x, 1) 3 o o2
il 2 O (. N .. R
o < R A
0? 0?
+ a—yszy + MV—ZD’W) D(x,y) (6)

with the drift and diffusion coefficient listed in Table 2.

Using the Fokker-Planck equation (6), the vari-
ances in the two quadratures x and y obey the follow-
ing equations of motion:

% Ox)?y =24, ,<0%)*> +24,,{xdy> +2D,,,
% By)*> =24,,<6xdy> +24,,{(y)*> +2D,,,

% (Ox 0y = (Aex + Ay,) (Ox8y> + A4, {(6x)*)

+4,,{6y’*) +2D,,, ™

whereA;; = 0d;/0j (i,j = x, y). The relation between
{(6x)*) and {(Aa,)*), and {(6y)*> and {(Aa,)*) are
listed in Table 3.

Choosing 6,, = 0, = n/2(0,. = ), we can find that
all A’s are real and A,,=A4,, =D, =0, which
means that a, and a, (a = a, + ia,) are the amplitude
and phase quadrature operators, respectively. Solving

(6) at steady state, we obtain

= ) ®

= ——— exp —_— —_——

2n\/0,0, 20,
with xo = f/4, — Ay + 43— 4,4, 6,=D, /(4,—4,),
and o,=D,,/(A, — A,). This is a Gaussian distribu-
tion with widths ¢, and o,. It has been proven [1, 4]
that the stable steady state condition is 4, — 4; > 0.
Therefore, the sign of o, (or ) is determined by D, ,
(or D). Using (2), we find the diffusion coefficients:

A) In Sudarshan-Glauber P

(x — xo)

(]
20,
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Dly= g leaat orp+ 10l = (] +lesc )], O)
- 1
Dyy=Z(Qaa+be_|Qac|)‘ (9b)
B) In
) 9 (10a)
1 Y
D?x = Z[Qaa + Qcc + |Qacl + - _(l Qabl + |ch|)2]a

1 Y
D.\?y= Z(Qcc+gbb+d—_|9ab|>- (10b)

0
C) In Wigner
D}, =D}, + D2

xx

1 1

D;"y = Z(O.S + Ebe— |~ac|>‘

(11)
It is clear that under the stable steady state condi-
tion all D’s are positive, except D},. It is known that
negative width means squeezing. Therefore, in Sudar-
shan-Glauber P representation we can know whether
squeezing is possible or not by examining the signs of
the diffusion coefficients, in the present case (A’s real)
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by the signs of D, . and D . In the general case (A’s  Acknowledgements

complex) it is determined by the sign of Dy (or D, ,).

This is a big advantage of the Sudarshan-Glauber P This work was partially supported by the Office of
representation. Naval Research.
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